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Abstract — This paper describes the effect of higher-order PSDs
at a squarer output on the jitter variance at a timing circuit
output. The timing circuit consists of a squarer, a pre-filter, and a
PLL arranged in tandem. The transmission schemes are assumed
to be PAM, ASK and QAM. Additive white Gaussian noise exists
at the receive filter input. The band-limiting scheme is assumed
to be of a cosine roll-off. The higher-order PSDs are components
of the jitter source PSD at the squarer output. Theoretical
calculations show that the SS and SN components of the jitter
source PSD can be represented by Oth- and +2nd-order PSDs.
However, based on numerical calculations, the SN component
consists of only the Oth-order PSD. This may be due to the effect
of the band-limiting scheme assumed herein. The results hold for
all of the transmission schemes, SNRs, alphabet sizes, and roll-off
factors treated in this paper.

Keywords— Timing jitter, Higher-order PSDs at the squarer
output, PAM, ASK, QAM

L. INTRODUCTION

This paper presents the effect of higher-order power spectral
densities (PSDs) on jitter variance. The higher-order PSDs are
the components of jitter source PSD at the squarer output in a
timing circuit consisting of a squarer and a PLL.

The timing jitter due to self-noise in the case of a timing
circuit consisting of a non-linear device and a PLL is treated
for a noiseless PAM system in [1][2][3]. In [4], a timing
extraction algorithm denoted as the Square-Law Nonlinearity
is provided based on maximum likelihood estimation at a low
SNR for linear modulations, since low SNR operation is
performed according to the circumstances. In [5], for baseband
polar system, BPSK, and QPSK with additive white Gaussian
noise at the receive filter input, timing jitter was analyzed with
a timing circuit consisting of a squarer and a narrow band BPF
and a representation for jitter PSD was derived. In [6], for
PAM, ASK, and QAM with additive white Gaussian noise,
analysis of timing jitter was performed for the case of a timing
circuit consisting of a squarer and a PLL, which resulted in a
general expression for a jitter PSD being derived. In the
expression, the jitter PSD is described as a linear combination
of the jitter source PSD and the extractor transfer
characteristics. The jitter source PSD has SS, SN, and NN
components. The SS component is caused by the cross product
of the signal with itself and is often referred to as the
self-noise or pattern jitter [1]. The SN component is caused by
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the cross product of the signal and the noise, and the NN
component is caused by the cross product of the noise with
itself. The SS and SN components of the jitter source PSD are
represented as sums of higher-order PSDs in theoretical
calculations, whereas the NN component does not have any
higher-order PSDs, because it originates from the additive
Gaussian noise. Each component of jitter variance at a PLL
output can be calculated by frequency integration of the
corresponding component of the jitter PSD over a finite
frequency domain.

Based on the general expression in [6], we have presented
and discussed dependencies of design parameters such as SNR,
alphabet size, transmission scheme, PLL normalized noise
bandwidth, and roll-off factor on timing jitter showing some
numerically calculated examples [7][8]. In addition, we have
presented and discussed the effect of a pre-filter on jitter
variance [9]. In the present paper, we consider that it is
important to examine the effect of the higher-order PSDs on
jitter variance in order to grasp concretely jitter performance,
because the jitter source PSD is given as a sum of higher-order
PSDs.

II.  ASSUMPTIONS
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Figure 1. Receiver Configuration

Figure 1 shows the receiver configuration. The timing circuit
consists of a square-law device (referred to as a squarer), a
pre-filter, a PLL and a zero crossing detector (ZCD) arranged
in tandem. The ZCD generates pulse waveforms at the zero
crossings of the sinusoidal wave at the PLL output. A
randomly modulated signal with additive white Gaussian
noise is applied to the receive filter input. A signal and noise
composite waveform at the squarer output can be decomposed
into a deterministic component and a random component. The
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timing wave and the random component pass through the
extractor that includes the pre-filter and the PLL. Thus, the
sinusoidal wave appears at the PLL output. The phase of the
sinusoidal wave fluctuates due to the random component. This
fluctuation is referred to as timing jitter.

The transmission schemes are assumed to be PAM, ASK,
and QAM. A band-limiting scheme is assumed to be of a
cosine roll-off, where the roll-off factor is assumed to be from
0.1 to 1.0. The pre-filter transfer function is assumed to be
unity for simplicity herein. The PLL is assumed to be of
second order, and its loop filter is assumed to be an active
filter. The damping factor, {, is assumed to be ¢ =1/+2 . The
PLL normalized noise bandwidth b;=B; T=2nB;/m, is assumed
to range from 10“ to 107 Here, By is the PLL one-sided noise
bandwidth, T is the symbol period, and w, is the clock radian
frequency. The modulation data a, and b, are assumed to be
i.i.d. random variables that take M values between +(M-1),
where M is an alphabet size.

ITI. REPRESENTATIONS of HIGHER-ORDER PSDS

The general expression for jitter PSD has been presented in
[6]. We have adjusted the expression in order to satisfy the
assumptions herein. The result expresses the jitter source PSD
as a sum of higher-order PSDs as in equations (1), (2), and (3).

WA(@) = kW (@) + kW, (0) + kW5 (@) + k Wy (@), (1)

W, (@=(4) W (0-w) + W (0+ o)

W (@-0,)-W(0+@)] ip=123, ()

W4 (@) =1/ D)Wy (0= @)+ Wyy(0+0,)}. A3)

The coefficients ki, k,, k3 and k; in equation (1) are
determined by the second-order moment and the fourth-order
moment of the modulation data a, and b, (Appendix A). The
first and second terms on the right hand side of (1) both
correspond to the SS component. The third term corresponds
to the SN component and the fourth term corresponds to the
NN component. Each component can be represented by the
equations (2) and (3). It is shown the SS and SN component of
jitter source PSD consist of Oth-order and +2nd-order PSDs.
Wi (w), W (@), and W (@), which are with respect to
kth-order PSDs, and Wy,(w) are shown in Appendix B.

The jitter PSD designated as W, (w) at the PLL output can
be expressed as in equation (4).

Wy(@)=(2/45)" | H@) [ W. (@), @)
where H(w) is the PLL closed loop transfer function and
W_(w) , given in (1), is related to the source of jitter generation
and is thus referred to as the jitter source PSD at the squarer
output here. The jitter PSD can then be represented as in
equation (5), as the sum of the SS, SN and NN component,
which are respectively given in equations (6) through (8).

Wysn (@) = Ky | H@) 2 Wy(0), Ky=(2/4g) ks, (7

Won (@)= Ky | H@) P Woy(@), Ky =(2/45) k, (®)
where

Ag=M,A, /T (ASK), )

Ay =2M, A, IT (PAM, QAM), (10)

4r =[G (@), (1n

M, =(M?*-1)/3. (12)

Here, Ga(®) in equation (11) is the spectrum of g*(t), where
g(t) is the signal waveform at the receive filter output. M,,
given in equation (12), is the second-order moment of
modulation data, where M is an alphabet size.

The sum of K\W, (w) and K,W,,(w) terms appearing in
equation (6) make up the SS component of the jitter source
PSD at the squarer output, K;W_ (@) in equation (7) is the
SN component of the jitter source PSD, and K, W (@) in
equation (8) is the NN component of the jitter source PSD.

As shown in equation (13), the jitter variance is given as the
sum of the SS, SN, and NN components, which are given in
equations (14), (15), and (16), respectively.

Ty =0pss + Opsn + Ogny s (13)
s = (1/27) T W,ss(@)dw, (14)
ogsy =(1/27) T Wysn (@)d o, (15)
oauy =(1/27) T Wy (@)do. (16)

—oo

IV. NUMERICALLY CALCULATED RESULTS

A. SS Component

Figure 2(a) shows the SS component of the jitter source
PSD, KW.(w)+K,W.,(w) , at the squarer output with
16QAM and a roll-off factor of 0.3. Also shown are the
Oth-order PSD and +2nd-order PSDs. The +2nd- and
-2nd-order PSDs are identical. The jitter source PSD is the
difference between the Oth-order PSD and the +2nd-order
PSDs as given in equation (2). Thus, as a result, the jitter
source PSD is proportional to the square of w/®, when ®/w, is
less than 107", The effect of the +2nd-order PSDs, as well as
that of the Oth-order PSD, on the SS component of the jitter
source PSD is explicitly demonstrated.

Figure 2(b) shows the PLL transfer characteristics with a
PLL normalized noise bandwidth by of 0.01 and a damping
factor of 1/~/2.

Figure 2(c) shows the SS component of the jitter PSD,
Wyss(@) , at the PLL output. Also shown are the Oth- and

Wy (@) = Wyss (@) + Wosy (@) + Wy (@), (5)  +2nd-order PSDs, which are products of those shown in
W,ss(0) =K, | H(@) P W, (o) + K, | Hw) | W, (o), Figure 2(a) and the PLL transfer characteristics shown in
2 2 Figure 2(b). Therefore, the +2nd- and -2nd-order PSDs are
Ky =(2/4s) k. Ky=(2/45) ky, (6)
ISBN 978-89-968650-0-1 424 January 27 ~ 30, 2013 ICACT2013
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Figure 2. Spectral characteristics of SS component and PLL transfer
characteristics.
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identical. As shown, the jitter PSD within the PLL bandwidth
is proportional to the square of ®/®,.

Figure 3 shows the SS component of jitter variance, aéss,
as a function of b;. Also shown are the jitter variances,
designated as Oth and +2nd, due to the frequency integration
of the Oth- and +2nd-order PSDs in Figure 2(c), respectively.
O';SS is obtained as the difference between the Oth and +2nd
variances and is proportional to b,?as presented in [6]-[8].
The Oth- and +2nd jitter variances themselves are proportional
to b, . Thus, if only the Oth-order PSD is assumed to exist,
jitter variance is overestimated. Therefore, the effect of
+2nd-order PSDs on the SS component of the jitter variance is
explicitly presented as shown in Fig.3.
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Figure 3. SS component of jitter variance as a function of by.

B. SN Component

Figure 4(a) shows the SN component of the jitter source
PSD normalized by p, pK;W,;(w), at the squarer output,
where p is the SNR at the receive filter output. Also shown are
the Oth-order PSDs. These are designated as Oth'” and 0th®
and correspond to the first term, WY (w—®,), and the second
term, W9 (w+w,), respectively, on the right-hand side of
equation (2). Numerical calculation reveals that the
+2nd-order PSDs are 0. This may be considered to be due to
the band-limiting scheme assumed herein. Thus, the SN
component of the jitter source PSD is given by the sum of the
0th” and 0th” PSDs. When /o, is less than 10'2, the two
PSDs are almost identical with flat characteristics.

Figure 4(b) shows the normalized jitter PSD at the PLL
output, pW,sy (@) . Also shown are the 0th™ and 0th® PSDs.
These PSDs are the product of the PSDs shown in Figure 4(a)
and the PLL transfer characteristics. As shown, the SN
component may be regarded as a stationary random process in
the case of the band-limiting scheme assumed herein.
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Figure 5 shows the normalized SN component of the jitter

1P oKW (0) variance, ,OO'éSN, as a function of by.. Also shown are the jitter
1 2 ® / variances designated as 0th” and 0th® due to the frequency
i Y = 1 integration of 0th” and 0th® PSDs shown in Figure 4(b) over
2 10' b oth™ the finite frequency domain. 0th'” and 0th® are identical. This
. is because the 0th'” PSD in the negative frequency domain is
E 3 3 the mirror image of the 0th® PSD in the positive frequency
b 0L @ ] domain. Similarly, the 0th® PSD in the negative frequency
= 0th .. N . 1) . e
e domain is the mirror image of the Oth*’ PSD in the positive
= 16QAM i frequency domain. In [6] and [7], the SN component of the
10°L «=03 ] jitter variance was shown to be proportional to by; here, we
SN show that both the 0th"” and 0th® jitter variances are also
i 1 proportional to by.
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Figure 4. SN component of spectral characteristics
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Figure 5. SN component of jitter variance as a function of by,
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(b) NN component of jitter PSD

Figure 6. NN component of jitter spectral characteristics.
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Figure 7. NN component of jitter variance as a function of by.

C. NN Component

Figure 6(a) shows the normalized NN component of the
jitter source PSD, p*K,W,,(w), at the squarer output. The
PSDs designated as (i) and (ii) in the figure exhibit PSDs
corresponding to the first term and the second term on the
right-hand side of equation (3). Because the NN component
originates from white Gaussian noise, the higher-order PSDs
do not exist. Therefore, the NN component has been
calculated as a stationary random process.

Figure 6(b) shows the normalized NN component of the
jitter PSD, p*W,yy (@), at the PLL output. The jitter PSD is
given as the product of PSDs shown in Figure 6(a) and the
PLL transfer characteristics.

Figure 7 shows the normalized NN component of jitter
variance, p’0,yy , as a function of by. Also shown are the
first and second terms on the right-hand side of equation (3),
designated as (i) and (ii), respectively. As shown, (i) and (ii)
are identical and proportional to by.

From the results presented in [7] and [8], the system design
parameters such as the alphabet size, M, the SNR, p, the PLL
normalized noise bandwidth, b;, and the roll-off factor, o, are
considered to be independent with each other. Therefore, the
effect of higher-order PSDs on jitter variance presented herein
holds for any transmission scheme, any values of M, p, and o
treated herein.

V. CONCLUSIONS

Theoretical calculation reveals that the SS and SN
components of the jitter source PSD at the squarer output
consist of the Oth- and the +2nd-order PSDs. Also clearly
demonstrated is that the SS component of the jitter variance is
overestimated if only the Oth-order PSD is taken into account.
Numerical calculation shows that the SN component of the
jitter variance consists of only Oth-order jitter variance
because the +2nd-order PSD is zero. This is due to the
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band-limiting scheme assumed herein. Thus, the SN
component of the jitter variance may be obtained by regarding
the component as a stationary random process. Because the
NN component originates from additive white Gaussian noise,
the higher-order PSDs do not exist.

The results obtained in this paper are expected to be useful
for evaluating jitter generation mechanism.

We would like to examine the effect of timing jitter on the
symbol error rate in the future.
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APPENDIX

A. The coefficients k, k,, ky,and k,

W_(@) = kW (@) + kW, (0) + kW5 (@) + kW (@) (A1)

k=M;, ky=03M;-M,)/2 k=M, k=1 (PAM) (A2)

ky=M3/4,ky =M} M) /8 ky=M,/4,k, =1/2(ASK) (A.3)

ky=Mj/2,ky=(3M; M)/ 4,ky=M,/2,k,=1/2(0AM) (A.4)
My=(M?*-1)/3 (A.5)
M, =(M?*-1)(3M*-7)/15 (A.6)
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where M, and M, are the second- and the fourth-order moment
of modulation data a, and b,, and M is the alphabet size.

B. PSDs of W (@), W (@), W (@), and Wy, (w)

W@ =—5 3. [ 6w60e,~)G@=

N=—% —co

XG((k —n)@, — 0+ x)dx (B.1)
Wiy (@) = 2T7'G,(0)G, (kw, — ) (B.2)
WS (@) =2(nT)™ T G(x)G(kw, - x)G, (@ - x)dx (B.3)

24,2 e
Wia(@) =220 [ |Gy (0 |G ) e (B.4)
where
A=1/2 (PAM), A=1 (ASK,QAM) (B.5)
G(w) = G ()G () (B.6)
G, ()= L T G(x)G(w— x)dx (B.7)
2r °,

G, (@) =(Ny/2)|Gr(@)"  (PAM) (B.8)
G, (@) = N, |Gp(@) (ASK, OAM) (B.9)

Here, G(w) is the Fourier transformation of the receive filter
output waveform g(s) as shown in equation (B.6) and it is
assumed to be of a cosine roll-off, where G;(w) and Gg(w)
are the frequency spectrum of the transmit pulse waveform
and the receive filter transfer function, respectively. G,(®) is
the Fourier transformation of g2(s) and is expressed in
equation (B.7). G,(w) is PSD of Gaussian noise at the
receive filter output and is defined in equations (B.8) and
(B.9).
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