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Abstract- A plain representation of the amplitude transfer
function using a Mach-Zehnder filter model is proposed by
applying the analysis technique for a transmission type periodic
branching microwave filter. A four-channel frequency division
multiplexing system configuration using the Mach-Zehnder
filter models is presented as an example of a multi-channel
FDM system. The amplitude transfer functions for the channels
of the presented system are exhibited by using the proposed
representation. The calculated result of a signal to inter-channel
interference ratio for the system together with a two-channel
and an eight-channel FDM system are shown.

Keywords-Frequency division multiplexing, Mach-Zehnder filter,
Periodical branching filter, ASK, Signal to inter-channel
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I. INTRODUCTION

The periodic branching filter was developed as a
microwave multi/demultiplexers and has been used in
communication satellites [1][2]. This filter consists of a first
directional coupler with two input/output ports, two
waveguides with a traveling wave ring type resonator
attached to one side of the waveguides, and a second
directional coupler with two input/output ports arranged in
tandem. The authors have been investigating a method for
analyzing the performance of the frequency division
multiplexing (FDM) system using a periodic branching filter
(PBF) without a traveling wave ring type resonator. In the
operating principle of the PBF, the frequency multiplexing
input signal in one input port is equally divided into two
signals by the first directional coupler. After the signals pass
through the two waveguides, which have different lengths, a
phase difference arises between the two signals. The two
signals are recombined with the mutual interference at the
second directional coupler. Since the relative phase
difference is frequency dependent, the transmission
coefficient is also frequency dependent. Thus, the amplitude
transmission characteristics change periodically depending
on frequency.

A second type of filter, which is a Mach—Zehnder filter
(MZF), is used as an optical filter and an intensity modulator
in the optical communication applications [3]-[5]. Although
the PBF and the MZF have been developed separately in the
respective fields, the basic structure and the operating
principle of the MZF can be thought of as being similar to
those of the PBF [6].

The FDM system has contributed to the increased
transmission capacity and is used in the optical
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communication system as, in other words, the wavelength
division multiplexing system [7]-[10]. However, thus far, it is
difficult to analyze the transmission characteristics for the
case in which the system has a much higher number of
channels.

In the present paper, we propose a plain representation of
the amplitude transfer function using the MZF model by
applying the analysis technique of the PBF to the MZF. Then,
as an example, we present a four-channel FDM system
configuration in a multi-channel FDM system and present
the amplitude transfer function of the four-channel FDM
system. We show the calculated result of a signal to
inter-channel interference ratio of the FDM system.

II. MzF MODEL
A. Basic Configuration
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Figure 1. MZF basic configuration.

Figure 1 shows the MZF basic configuration. The MZF
consists of two 3-dB couplers with two input/output ports
and two optical transmission lines between the two couplers.
The lengths of optical transmission lines A and B are
assumed to be L; and L,, respectively. Both of these lines
are assumed to have a phase constant of 3, and a delay time
per unit length of T, at the center radian frequency. The
filter is assumed to be reciprocal and lossless with no
dispersion herein. The fixed phase change and delay time are
ignored. The coupling coefficient k of the two 3-dB couplers
is 1//2.

The first coupler splits the input signal equally into two
parts, which acquire different phase shifts, when the
transmission line (arm) lengths are made different, before
they interfere at the second coupler [3]. Since the relative
phase shift is frequency dependent, the transmittivity is also
frequency dependent. The two arm signals are recombined at
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the second 3-dB coupler. Thus, the transmission
characteristics of the MZF, as well as those of the PBF,
change periodically depending on frequency.

B. Transfer Function
The transfer function H;_,(w) of the MZF from input
port i to output port o can be expressed as follows:

_ _i(Bl@w)(L+Lp) T

Hio(w) = sinwe ’{ 2 +z}, (1)
_ _Bl@)(L+Lp) T

H, 1 (w) = coswe i55 2}, )
- _i(Bl@)(LytLly) T

Hyop(w) = sin%e =5 +2}, (3)

_ J(Bl@w)(Ly+Llp)
s B(w)(L1—Lp) e—]{f—g} )
2

Hiz(w) = co

4)
The phase constant 3(w) is approximated to the first degree,
and AL and L is defined as follows:

Blw) =B+ To(w—wy) ;n=12, (5)
AL=1L,—L,, (6)
L=L;+L,, (7
ToAL = wld =Ty, ®)

where w; and w, are the center radian frequency of input
ports 1 and 2, respectively, Ty is the difference in delay
time between the two arms, and wq is the neighboring
channel spacing. Finally, BoAL is an odd multiple of © with
respect to ®; and an even multiple of m with respect to ®,.
Substituting equations (5) through (8) into equations (1)
through (4), the amplitude characteristics A;_,(w) can be
expressed as equations (9) through (12) under the condition
of the identical phase shift 0;_,(w) .

T(w—wq)

AL (w) = cos— 9
_ T(w—wy)
AL, (w) = cos “eq (10)
_ T(w—wy)
A,i(w) = cos— = (11)
_ T(w—wq)
A,,(w) = cos ey (12)
0151(0) = 01,5(w) = 6,1 (w) = 0;;(w)
_ _B@L  m
= ST (13)
C. MZF Model
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Figure 2. MZF model.

Figure 2 shows the MZF model. Based on equations (9)
through (12), a plain representation of the amplitude transfer
function of the MZF can be further defined as follows:
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m(w—wp)

C(n,m) = cos oy (14)
w, =w; +(n—Dwy, (15)
n:=n+ 2vm, (16)

where ®, is the center radian frequency at channel n, moy is
the channel spacing, and v is an integer.

II1. FOUR-CHANNEL FDM SYSTEM

A. System Configuration
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Figure 3. A four-channel FDM system configuration.

The proposed configuration of the four-channel FDM
system is an example of a multichannel system, as shown in
Figure 3. This system consists of three MZFs on the transmit
side and three MZFs on the receive side and is reciprocal.
The notched symbol represents the matched termination. The
transmission line is assumed to be lossless with no
dispersion.

The transfer functions between the transmit and receive
ports can be expressed using equation (14) as follows:

Hyo, (o) = C(1,2)C(1,1)C(1,1)C(1,2), (17)
H,_,(0) = C(1,2)C(1,1)C(2,1)C(2,2), (18)
H,3(0) = C(1,2)C(1,1)C(3,1)C(3,2), (19)
Hy,(0) = C(1,2)C(1,1)C(4,1)C(4,2), (20)
H,o, () = €(2,2)C(2,1)C(1,1)C(1,2), 1)
H,_,(0) = C(2,2)C(2,1)C(2,1)C(2,2), (22)
H,_s(0) = C(2,2)C(2,1)C(3,1)C(3,2), (23)
H,_.(0) = C(2,2)C(2,1)C(4,1)C(4,2), (24)
Hao, (o) = €(3,2)C(3,1)C(1,1)C(1,2), (25)
Hso,(0) = €(3,2)C(3,1)C(2,1)C(2,2), (26)
Hsos(0) = €(3,2)C(3,1)C(3,1)C(3,2), 27)
Hso,(0) = €(3,2)C(3,1)C(4,1)C(4,2), (28)
H,_,(0) = C(4,2)C(4,1)C(1,1)C(1,2), (29)
H,_,(0) = C(4,2)C(4,1)C(2,1)C(2,2), (30)
H,_s(0) = C(4,2)C(4,1)C(3,1)C(3,2), 31)
Hyou(0) = C(4,2)C(4,1)C(4,1)C(4,2) . (32)

Channels between identical port numbers are assumed to
be desired channels, and channels between different port
numbers are assumed to be interference channels.

B. Signal Waveform

The transmission scheme is assumed to be ASK. The
transmit signal gr((t) of channel 1 is represented by equation
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(33). Channel 1 is assumed to be the desired channel here.
gr1(t) = Lii_o axg(t — kT) cos oy t, (33)

where ay is the independent, and identical random variables

that take 1 or 0, g(t) is a rectangular pulse with unit

amplitude and a pulse width of T, which is the symbol period.

The frequency spectrum of a single pulse, g(t), is given as
follows:

. w

G(w) = Tsinc (w_r) , (34)
where o, (=2n/T) is the clock radian frequency. The
frequency spectrum Gr(w) of the received pulse at desired
channel 1 is given as follows:

Gr(w) = G(w) - Hy5y(w) . (35)
The received pulse gr(t) can be obtained by the inverse
Fourier transform of Gr(®) as follows:

1 3 1
gr(®) = Te {g (t+§Td> +2g(t+Ty) + 3g(t+§Td)

+4g(t) + 3g (t - %Td) +2g(t—Ty) +g (t - %Td)} .
(36)
Thus, the received signal can be expressed as follows:

8r1 () = Xk= oo akgR(t — KT) cos w; t. (37
C. Eye Pattern and Eye Aperture

Figure 4 shows the eye pattern of desired channel 1 when
wg/w, (= T/2Ty) is 2.0. The carrier wave is omitted here.
The value of the eye aperture A, can be obtained as follows:

A, = v(2gr(0) - 1), (38)

v(x) =x-ux), (39)
where u(x) is a step function.

Figure 5 shows the calculated values of the eye aperture
A, as a function of wg/w,. When wg/w, is greater than
1.5, the eye is fully open. Otherwise, the degree of eye
openness decreases due to inter-symbol interference. There
are three discontinuous changes when wg/w, =0.5,
wgq/w, = 1.0, and wg/w, = 1.5 because the pulse signal
transmits under the assumption of no dispersion.

IV. SIGNAL TO INTER-CHANNEL INTERFERENCE RATIO

A. Interference Signal PSD
The signals from transmit ports 2, 3, and 4 to receive port
1 are considered to interfere with the signal from transmit
port 1. As a result of incoherent transmission, the signals of
gr2(t), gr3(t), and gru(t) at these transmit ports are
random processes and are assumed to be given as follows:
g12(t) = Xii— o big(t — kT + §3) cos(wat + §3), (40)
gr3(D) = Xi_o Ck8(t — KT + §3) cos(wst + ¢3), (41)
814 (D) = Xil—o dic8(t — KT + §4) cos(wat + dy), (42)
where, by, ¢y, and dy are i.i.d. random variables that take 1
or 0, &, &, and &, are uniformly distributed over the range
of [0,T], and ¢,, &3, and ¢, are uniformly distributed
over the range of [0,2m]. The power spectral densities
(PSDs) of gr,(t), gr3(t), and gr,(t) are designated as
Wi, (w), Wrs(w), and Wry(w), respectively, and can be
given as the following equations.
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Figure 4. Eye pattern of desired channel 1.
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Figure 5. Eye aperture A,.

Wiz (0) = —{1G(@ — ) |2 + |G(w + w,)[*}

+g{8(m —w,) + 8(w + wy)}, (43)
Wis (@) = = {[G(w — w3)[? + G(0 + 3)[2}

+o{8(0 — w3) +8(w +w3)},  (44)
Wi (0) = —={1G(w — 0,) |2 + 1G(0 + w,)1)

+o{8(0 — wy) +8(0 +wy)}, (49

where G(w) is the frequency spectrum of g(t), and 8(®) is
the Dirac delta function.

The interference signal PSDs at receive port 1 from
transmit ports 2, 3, and 4 are designated as Wgy;(w),
Wrs31(w), and Wgy,(w). The PSDs are given as follows:

Wra1 (@) = |H2—»1((0)|2WT2(00) , (46)
Wrs1(w) = |H3—»1((0)|2WT3(00) , 47)
Wra1 (@) = |H4—»1((0)|2WT4(00) . (48)
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Figure 7. Transmission characteristics at the interference paths.
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Figure 8. The interference signal PSDs at the receive port 1.
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Figure 6 shows the signal PSDs at transmit ports 2, 3, and
4 as a function of w/wgy. Figure 7 shows the transmission
characteristics |H,_;(w)|?, |Hzoq(w)|?, and |Hyoq(w)|?
at the interference paths as a function of w/wgy. Figure 8
shows the interference signal PSDs at receive port 1 from
transmit ports 2, 3, and 4 as a function of w/wy. These
PSDs can be obtained as the product of the transmit signal
PSDs and the transmission characteristics, as shown in
equations (46) through (48).

B. A Signal to Inter-Channel Interference Ratio

A signal to inter-channel interference ratio p; at receive
port 1 for the four-channel system can be expressed as
follows:

Ag%/2

P = PRr21+PR31+PRa1 (49)
where Pryi, Pr3q, and Pryq are the interference powers,
respectively, from transmit ports 2, 3 and 4 to receive port 1
and can be obtained as follows:

1 ©o

Pro1 = 7=, W21 () dw, (50)
1 ©o

Prs1 = 7=, Wz (@) dw, (51
1 ©o

Prar = 7=, Wras (@) dw . (52)

The ratios at receive ports 2, 3, and 4 can be obtained in
the same manner.

C. Calculated Results
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Figure 9. Signal to inter-channel interference ratio at receive port 1.

Figure 9 shows the signal to inter-channel interference
ratio p at receive port 1 as a function of wgy/w, for a two-, a
four-, and an eight-channel FDM system. The signal to
inter-channel interference ratio increases as wgq/w,
increases. This is due to the increase in channel spacing. The
eye is fully open when wg/w, is greater than 1.0 in the case
of the two-channel system. There are a few abrupt changes
when wg/w, = 1.5 in the case of the four-channel system,
and wyq/w, = 1.25, 1.5, and 1.75 in the case of the eight-
channel system. Abrupt changes occur at corresponding
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values of wgq/w,., where the eye aperture A, changes
abruptly, as shown in Figure 5. These abrupt changes are
caused by the pulse transmission with no dispersion assumed
herein. The ratio p decreases due to inter-symbol interference,
where wq/w, is smaller than 1.5 in the case of the
four-channel system.

V. CONCLUSION

In the present paper, we applied the analysis technique of
the PBF to the MZF and proposed a plain representation of
the amplitude transfer function using the MZF model. Then,
we presented a four-channel FDM system configuration as an
example of a multi-channel FDM system, and the amplitude
transfer function of the system. The calculated result of a
signal to inter-channel interference ratio at desired channel 1
by applying the plain representation is shown.

As a result, although the neighboring channel spacing is
desired to be as narrower as possible in order to increase the
transmission capacity, the signal to inter-channel interference
ratio becomes smaller and inter-symbol interference also
occurs. This becomes increasingly notable as the channel
number increases. Since we have assumed pulse transmission
with no dispersion, the cornered eye pattern and the
inter-symbol interference arise.

In future, it is expected that a transmit and receive filter
will be applied to reduce the inter-symbol interference,
assuming a band-limiting scheme as a cosine roll-off.
Analysis of the transmission characteristics using the filters
will be assumed feasible even for an FDM system that has a
much larger number of channels. Experiments should be
conducted in order to verify the validity of the proposed
technique.
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