
Transmission Characteristics of an FDM System 
Using Mach-Zehnder Filters 

 
Kazuki Tanaka*, Isamu Wakabayashi*, Masatoshi Sano* 

*Electrical Engineering Department, Tokyo University of Science, 1-14-6 Kudan-kita, Chiyoda-ku, Tokyo Japan 
j4311647@ed.tus.ac.jp, wakaba@ee.kagu.tus.ac.jp, sano@ee.kagu.tus.ac.jp 

 
Abstract- A plain representation of the amplitude transfer 
function using a Mach-Zehnder filter model is proposed by 
applying the analysis technique for a transmission type periodic 
branching microwave filter. A four-channel frequency division 
multiplexing system configuration using the Mach-Zehnder 
filter models is presented as an example of a multi-channel 
FDM system. The amplitude transfer functions for the channels 
of the presented system are exhibited by using the proposed 
representation. The calculated result of a signal to inter-channel 
interference ratio for the system together with a two-channel 
and an eight-channel FDM system are shown. 
 
Keywords-Frequency division multiplexing, Mach-Zehnder filter, 
Periodical branching filter, ASK, Signal to inter-channel 
interference ratio 
 

I. INTRODUCTION 
 
The periodic branching filter was developed as a 

microwave multi/demultiplexers and has been used in 
communication satellites [1][2]. This filter consists of a first 
directional coupler with two input/output ports, two 
waveguides with a traveling wave ring type resonator 
attached to one side of the waveguides, and a second 
directional coupler with two input/output ports arranged in 
tandem. The authors have been investigating a method for 
analyzing the performance of the frequency division 
multiplexing (FDM) system using a periodic branching filter 
(PBF) without a traveling wave ring type resonator. In the 
operating principle of the PBF, the frequency multiplexing 
input signal in one input port is equally divided into two 
signals by the first directional coupler. After the signals pass 
through the two waveguides, which have different lengths, a 
phase difference arises between the two signals. The two 
signals are recombined with the mutual interference at the 
second directional coupler. Since the relative phase 
difference is frequency dependent, the transmission 
coefficient is also frequency dependent. Thus, the amplitude 
transmission characteristics change periodically depending 
on frequency.  
  A second type of filter, which is a Mach–Zehnder filter 
(MZF), is used as an optical filter and an intensity modulator 
in the optical communication applications [3]-[5]. Although 
the PBF and the MZF have been developed separately in the 
respective fields, the basic structure and the operating 
principle of the MZF can be thought of as being similar to 
those of the PBF [6]. 
  The FDM system has contributed to the increased 
transmission capacity and is used in the optical 

communication system as, in other words, the wavelength 
division multiplexing system [7]-[10]. However, thus far, it is 
difficult to analyze the transmission characteristics for the 
case in which the system has a much higher number of 
channels. 
  In the present paper, we propose a plain representation of 
the amplitude transfer function using the MZF model by 
applying the analysis technique of the PBF to the MZF. Then, 
as an example, we present a four-channel FDM system 
configuration in a multi-channel FDM system and present 
the amplitude transfer function of the four-channel FDM 
system. We show the calculated result of a signal to 
inter-channel interference ratio of the FDM system. 
 

 II. MZF MODEL 
 
A. Basic Configuration 
 

 
 

Figure 1. MZF basic configuration. 

 
  Figure 1 shows the MZF basic configuration. The MZF 
consists of two 3-dB couplers with two input/output ports 
and two optical transmission lines between the two couplers. 
The lengths of optical transmission lines A and B are 
assumed to be Lଵ and Lଶ, respectively. Both of these lines 
are assumed to have a phase constant of β଴ and a delay time 
per unit length of τ଴ at the center radian frequency. The 
filter is assumed to be reciprocal and lossless with no 
dispersion herein. The fixed phase change and delay time are 
ignored. The coupling coefficient k of the two 3-dB couplers 
is 1 √2⁄ .  
  The first coupler splits the input signal equally into two 
parts, which acquire different phase shifts, when the 
transmission line (arm) lengths are made different, before 
they interfere at the second coupler [3]. Since the relative 
phase shift is frequency dependent, the transmittivity is also 
frequency dependent. The two arm signals are recombined at 

ISBN 978-89-968650-0-1 89 January 27 ~ 30, 2013  ICACT2013



the second 3-dB coupler. Thus, the transmission 
characteristics of the MZF, as well as those of the PBF, 
change periodically depending on frequency.  
 
B. Transfer Function 

  The transfer function H୧՜୭ሺωሻ of the MZF from input 
port i to output port o can be expressed as follows: Hଵ՜ଵሺωሻ ൌ sin ஒሺனሻሺLభିLమሻଶ eି୨ቄಊሺಡሻሺLభశLమሻమ ାಘమቅ , (1) Hଶ՜ଵሺωሻ ൌ cos ஒሺனሻሺLభିLమሻଶ eି୨ቄಊሺಡሻሺLభశLమሻమ ିಘమቅ , (2) Hଶ՜ଶሺωሻ ൌ sin ஒሺனሻሺLభିLమሻଶ eି୨ቄಊሺಡሻሺLభశLమሻమ ାಘమቅ , (3) Hଵ՜ଶሺωሻ ൌ cos ஒሺனሻሺLభିLమሻଶ eି୨ቄಊሺಡሻሺLభశLమሻమ ିಘమቅ . (4) 

The phase constant βሺωሻ is approximated to the first degree, 
and ΔL and L is defined as follows: βሺωሻ ൌ β଴ ൅ τ଴ሺω െ ω୬ሻ      ; ݊ ൌ 1,2 ,     (5) ∆L ൌ Lଵ െ Lଶ ,        (6) L ൌ Lଵ ൅ Lଶ ,        (7) τ଴ΔL ൌ ஠னౚ ൌ Tୢ  ,    (8) 
where ωଵ and ωଶ are the center radian frequency of input 
ports 1 and 2, respectively,  Tୢ  is the difference in delay 
time between the two arms, and ωୢ  is the neighboring 
channel spacing. Finally, β0∆L is an odd multiple of π with 
respect to ω1 and an even multiple of π with respect to ω2. 
Substituting equations (5) through (8) into equations (1) 
through (4), the amplitude characteristics A୧՜୭ሺωሻ can be 
expressed as equations (9) through (12) under the condition 
of the identical phase shift θ୧՜୭ሺωሻ . Aଵ՜ଵሺωሻ ൌ cos గሺனିனభሻଶன೏  ,        (9) Aଵ՜ଶሺωሻ ൌ cos గሺனିனమሻଶன೏   ,       (10) Aଶ՜ଵሺωሻ ൌ cos గሺனିனమሻଶன೏  ,       (11) Aଶ՜ଶሺωሻ ൌ cos గሺனିனభሻଶன೏  ,       (12)      θଵ՜ଵሺωሻ ൌ θଵ՜ଶሺωሻ ൌ θଶ՜ଵሺωሻ ൌ θଶ՜ଶሺωሻ        ൌ െ ஒሺனሻLଶ ൅ ஠ଶ .       (13) 
 

C. MZF Model 
 

 
Figure 2. MZF model. 

 
Figure 2 shows the MZF model. Based on equations (9) 

through (12), a plain representation of the amplitude transfer 
function of the MZF can be further defined as follows: 

Cሺn, mሻ ൌ cos ஠ሺனିன౤ሻଶ୫னౚ  , (14) ω୬ ൌ ωଵ ൅ ሺn െ 1ሻωୢ ,                    (15) n ؔ n ൅ 2νm , (16) 
where ωn is the center radian frequency at channel n, mωd is 
the channel spacing, and ν is an integer. 
 

III. FOUR-CHANNEL FDM SYSTEM 
 
A. System Configuration 
 

 
Figure 3. A four-channel FDM system configuration. 

 
The proposed configuration of the four-channel FDM 

system is an example of a multichannel system, as shown in 
Figure 3. This system consists of three MZFs on the transmit 
side and three MZFs on the receive side and is reciprocal. 
The notched symbol represents the matched termination. The 
transmission line is assumed to be lossless with no 
dispersion.  

The transfer functions between the transmit and receive 
ports can be expressed using equation (14) as follows: 
 Hଵ՜ଵሺωሻ ൌ Cሺ1,2ሻCሺ1,1ሻCሺ1,1ሻCሺ1,2ሻ ,        (17) Hଵ՜ଶሺωሻ ൌ Cሺ1,2ሻCሺ1,1ሻCሺ2,1ሻCሺ2,2ሻ ,        (18) Hଵ՜ଷሺωሻ ൌ Cሺ1,2ሻCሺ1,1ሻCሺ3,1ሻCሺ3,2ሻ ,        (19) Hଵ՜ସሺωሻ ൌ Cሺ1,2ሻCሺ1,1ሻCሺ4,1ሻCሺ4,2ሻ ,        (20) Hଶ՜ଵሺωሻ ൌ Cሺ2,2ሻCሺ2,1ሻCሺ1,1ሻCሺ1,2ሻ , (21) Hଶ՜ଶሺωሻ ൌ Cሺ2,2ሻCሺ2,1ሻCሺ2,1ሻCሺ2,2ሻ ,        (22) Hଶ՜ଷሺωሻ ൌ Cሺ2,2ሻCሺ2,1ሻCሺ3,1ሻCሺ3,2ሻ ,        (23) Hଶ՜ସሺωሻ ൌ Cሺ2,2ሻCሺ2,1ሻCሺ4,1ሻCሺ4,2ሻ ,        (24) Hଷ՜ଵሺωሻ ൌ Cሺ3,2ሻCሺ3,1ሻCሺ1,1ሻCሺ1,2ሻ ,        (25) Hଷ՜ଶሺωሻ ൌ Cሺ3,2ሻCሺ3,1ሻCሺ2,1ሻCሺ2,2ሻ , (26) Hଷ՜ଷሺωሻ ൌ Cሺ3,2ሻCሺ3,1ሻCሺ3,1ሻCሺ3,2ሻ ,        (27) Hଷ՜ସሺωሻ ൌ Cሺ3,2ሻCሺ3,1ሻCሺ4,1ሻCሺ4,2ሻ ,        (28) Hସ՜ଵሺωሻ ൌ Cሺ4,2ሻCሺ4,1ሻCሺ1,1ሻCሺ1,2ሻ ,        (29) Hସ՜ଶሺωሻ ൌ Cሺ4,2ሻCሺ4,1ሻCሺ2,1ሻCሺ2,2ሻ ,        (30) Hସ՜ଷሺωሻ ൌ Cሺ4,2ሻCሺ4,1ሻCሺ3,1ሻCሺ3,2ሻ ,        (31) Hସ՜ସሺωሻ ൌ Cሺ4,2ሻCሺ4,1ሻCሺ4,1ሻCሺ4,2ሻ . (32) 
 

Channels between identical port numbers are assumed to 
be desired channels, and channels between different port 
numbers are assumed to be interference channels. 
 
B. Signal Waveform 

The transmission scheme is assumed to be ASK. The 
transmit signal gT1(t) of channel 1 is represented by equation 
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(33). Channel 1 is assumed to be the desired channel here. gTଵሺtሻ ൌ ∑ a୩gሺt െ kTሻ cos ωଵtஶ୩ୀିஶ  ,   (33) 
where a୩ is the independent, and identical random variables 
that take 1 or 0, gሺtሻ  is a rectangular pulse with unit 
amplitude and a pulse width of T, which is the symbol period. 
The frequency spectrum of a single pulse, g(t), is given as 
follows: 
  Gሺωሻ ൌ T sinc ቀ னன౨ቁ ,              (34) 
where ωr (=2π/T) is the clock radian frequency. The 
frequency spectrum GR(ω) of the received pulse at desired 
channel 1 is given as follows: GRሺωሻ ൌ Gሺωሻ · Hଵ՜ଵሺωሻ .              (35) 
The received pulse gR(t) can be obtained by the inverse 
Fourier transform of GR(ω) as follows: gRሺtሻ ൌ 116 ൜g ൬t ൅ 32 Tୢ ൰ ൅ 2gሺt ൅ Tୢ ሻ ൅ 3g ൬t ൅ 12 Tୢ ൰ ൅4gሺtሻ ൅ 3g ቀt െ ଵଶ Tୢ ቁ ൅ 2gሺt െ Tୢ ሻ ൅ g ቀt െ ଷଶ Tୢ ቁቅ . 

   (36) 
Thus, the received signal can be expressed as follows: gRଵሺtሻ ൌ ∑ a୩gRሺt െ kTሻ cos ωଵtஶ୩ୀିஶ  .    (37) 
 
C. Eye Pattern and Eye Aperture 

Figure 4 shows the eye pattern of desired channel 1 when ωୢ/ω୰ ሺൌ T/2Tୢ ሻ is 2.0. The carrier wave is omitted here. 
The value of the eye aperture Ae can be obtained as follows:  Aୣ ൌ vሺ2gRሺ0ሻ െ 1ሻ ,   (38) vሺxሻ ൌ x · uሺxሻ ,    (39) 
where uሺxሻ is a step function. 

Figure 5 shows the calculated values of the eye aperture Aୣ as a function of ωୢ/ω୰. When ωୢ/ω୰ is greater than 
1.5, the eye is fully open. Otherwise, the degree of eye 
openness decreases due to inter-symbol interference. There 
are three discontinuous changes when ωୢ/ω୰ ൌ 0.5 , ωୢ/ω୰ ൌ 1.0, and ωୢ/ω୰ ൌ 1.5 because the pulse signal 
transmits under the assumption of no dispersion.  
 

IV. SIGNAL TO INTER-CHANNEL INTERFERENCE RATIO 
 
A. Interference Signal PSD 

The signals from transmit ports 2, 3, and 4 to receive port 
1 are considered to interfere with the signal from transmit 
port 1. As a result of incoherent transmission, the signals of gTଶሺtሻ , gTଷሺtሻ , and gTସሺtሻ  at these transmit ports are 
random processes and are assumed to be given as follows: gTଶሺtሻ ൌ ∑ b୩gሺt െ kT ൅ ξଶሻ cosሺωଶt ൅ Ԅଶሻஶ୩ୀିஶ , (40) gTଷሺtሻ ൌ ∑ c୩gሺt െ kT ൅ ξଷሻ cosሺωଷt ൅ Ԅଷሻஶ୩ୀିஶ , (41) gTସሺtሻ ൌ ∑ d୩gሺt െ kT ൅ ξସሻ cosሺωସt ൅ Ԅସሻஶ୩ୀିஶ , (42) 
where, b୩, c୩, and d୩ are i.i.d. random variables that take 1 
or 0, ξଶ, ξଷ, and ξସ are uniformly distributed over the range 
of ሾ0, Tሿ, and Ԅଶ , Ԅଷ , and Ԅସ  are uniformly distributed 
over the range of ሾ0,2πሿ . The power spectral densities 
(PSDs) of gTଶሺtሻ , gTଷሺtሻ , and gTସሺtሻ  are designated as WTଶሺωሻ, WTଷሺωሻ, and WTସሺωሻ, respectively, and can be 
given as the following equations. 
 
 

     
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 4. Eye pattern of desired channel 1. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5. Eye aperture ܍ۯ. 

 
 
  WTଶሺωሻ ൌ ଵଵ଺T ሼ|Gሺω െ ωଶሻ|ଶ ൅ |Gሺω ൅ ωଶሻ|ଶሽ ൅ ஠଼ ሼδሺω െ ωଶሻ ൅ δሺω ൅ ωଶሻሽ , (43) 

 WTଷሺωሻ ൌ ଵଵ଺T ሼ|Gሺω െ ωଷሻ|ଶ ൅ |Gሺω ൅ ωଷሻ|ଶሽ ൅ ஠଼ ሼδሺω െ ωଷሻ ൅ δሺω ൅ ωଷሻሽ , (44) 

 WTସሺωሻ ൌ ଵଵ଺T ሼ|Gሺω െ ωସሻ|ଶ ൅ |Gሺω ൅ ωସሻ|ଶሽ ൅ ஠଼ ሼδሺω െ ωସሻ ൅ δሺω ൅ ωସሻሽ , (45) 
where Gሺωሻ is the frequency spectrum of gሺtሻ, and δ(ω) is 
the Dirac delta function.  

The interference signal PSDs at receive port 1 from 
transmit ports 2, 3, and 4 are designated as WRଶଵሺωሻ , WRଷଵሺωሻ, and WRସଵሺωሻ. The PSDs are given as follows: WRଶଵሺωሻ ൌ |Hଶ՜ଵሺωሻ|ଶWTଶሺωሻ , (46) WRଷଵሺωሻ ൌ |Hଷ՜ଵሺωሻ|ଶWTଷሺωሻ , (47) WRସଵሺωሻ ൌ |Hସ՜ଵሺωሻ|ଶWTସሺωሻ . (48) 
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Figure 6. Transmit signal PSDs. 

 

 
Figure 7. Transmission characteristics at the interference paths. 

 

 
Figure 8. The interference signal PSDs at the receive port 1. 

  Figure 6 shows the signal PSDs at transmit ports 2, 3, and 
4 as a function of ω/ωୢ. Figure 7 shows the transmission 
characteristics |Hଶ՜ଵሺωሻ|ଶ , |Hଷ՜ଵሺωሻ|ଶ , and |Hସ՜ଵሺωሻ|ଶ 
at the interference paths as a function of ω/ωୢ. Figure 8 
shows the interference signal PSDs at receive port 1 from 
transmit ports 2, 3, and 4 as a function of ω/ωୢ. These 
PSDs can be obtained as the product of the transmit signal 
PSDs and the transmission characteristics, as shown in 
equations (46) through (48). 
 
B. A Signal to Inter-Channel Interference Ratio 

A signal to inter-channel interference ratio ρଵ at receive 
port 1 for the four-channel system can be expressed as 
follows: ρଵ ൌ A౛మ ଶ⁄PRమభାPRయభାPRరభ ,   (49) 
where PRଶଵ , PRଷଵ , and PRସଵ  are the interference powers, 
respectively, from transmit ports 2, 3 and 4 to receive port 1 
and can be obtained as follows: PRଶଵ ൌ ଵଶ஠ ׬ WRଶଵሺωሻ dωஶିஶ  ,   (50)PRଷଵ ൌ ଵଶ஠ ׬ WRଷଵሺωሻ dωஶିஶ  ,   (51)PRସଵ ൌ ଵଶ஠ ׬ WRସଵሺωሻ dωஶିஶ  .   (52) 

The ratios at receive ports 2, 3, and 4 can be obtained in 
the same manner. 
 
C. Calculated Results 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 9. Signal to inter-channel interference ratio at receive port 1. 

 
Figure 9 shows the signal to inter-channel interference 

ratio ρ at receive port 1 as a function of ωୢ/ω୰ for a two-, a 
four-, and an eight-channel FDM system. The signal to 
inter-channel interference ratio increases as ωୢ/ω୰ 
increases. This is due to the increase in channel spacing. The 
eye is fully open when ωୢ/ω୰ is greater than 1.0 in the case 
of the two-channel system. There are a few abrupt changes 
when ωୢ/ω୰ ൌ 1.5 in the case of the four-channel system, 
and ωୢ/ω୰ ൌ 1.25, 1.5, and 1.75 in the case of the eight- 
channel system. Abrupt changes occur at corresponding 
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values of ωୢ/ω୰ , where the eye aperture Aୣ  changes 
abruptly, as shown in Figure 5. These abrupt changes are 
caused by the pulse transmission with no dispersion assumed 
herein. The ratio ρ decreases due to inter-symbol interference, 
where ωୢ/ω୰  is smaller than 1.5 in the case of the 
four-channel system.  
 

V. CONCLUSION 
 

In the present paper, we applied the analysis technique of 
the PBF to the MZF and proposed a plain representation of 
the amplitude transfer function using the MZF model. Then, 
we presented a four-channel FDM system configuration as an 
example of a multi-channel FDM system, and the amplitude 
transfer function of the system. The calculated result of a 
signal to inter-channel interference ratio at desired channel 1 
by applying the plain representation is shown.  
  As a result, although the neighboring channel spacing is 
desired to be as narrower as possible in order to increase the 
transmission capacity, the signal to inter-channel interference 
ratio becomes smaller and inter-symbol interference also 
occurs. This becomes increasingly notable as the channel 
number increases. Since we have assumed pulse transmission 
with no dispersion, the cornered eye pattern and the 
inter-symbol interference arise.  
  In future, it is expected that a transmit and receive filter 
will be applied to reduce the inter-symbol interference, 
assuming a band-limiting scheme as a cosine roll-off. 
Analysis of the transmission characteristics using the filters 
will be assumed feasible even for an FDM system that has a 
much larger number of channels. Experiments should be 
conducted in order to verify the validity of the proposed 
technique. 
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