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Abstract—LTE is defined as the 4G generation network providing
high data rates. Channel estimation is important in the wireless
system conception. Classical LMMSE channel estimation
techniques require 0(N3) floating operations and O(NZ) memory
locations (N is the size of the channel autocorrelation). In this
paper, we propose fast channel estimation techniques for LTE
based on fast solver for linear Toeplitz system with
reconstructible Cauchy-like structure. Proposed fast algorithms
require only O(NZ) floating operations and O(N) memory
locations. Performances of proposed fast algorithms are verified
via Monte-Carlo MATLAB simulations.
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Accurate channel estimation is essential for LTE MIMO-
OFDM systems [2][8]. Channel estimation is based on two
techniques: the pilot insertion [5][6] and the blind channel
estimation [1]. The blind estimation information is based on no
pilot insertion but it is not preferred for fast varying fading
channel cases. The pilot-aided is based on two methods which
are the block-type and the comb-type [7]. The first consists to
insert the pilots into all the subcarriers of one OFDM symbol
with a certain period. This technique is defined to be suitable
for slow fading channels. The second technique consists to
insert the pilots at some specific subcarriers in each OFDM
symbol. The comb-type is preferable for fast varying fading
channels and based on two steps: the channel frequency
response estimation on pilot positions; by different techniques
such as the Least Square (LS) and the LMMSE; then on all
subcarriers by interpolation [7].

Classical LMMSE channel estimation methods, based on
channel autocorrelation matrix in frequency domain [4],
require O(N3®) floating operations and O(N?) memory
locations.

In this paper, we propose fast channel estimation
techniques based on a fast solver of linear system with the
application of the Generalized Schur Algorithm (GSA) which
requires O(N?) floating operations and O(N) memory
locations.

The rest of this paper is organized as follows: In Section II,
we introduce the LTE Downlink system model. Then we give
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a description of the LS, the LMMSE and the refined channel
estimation technique LMMSE-DFT in Section III. In Section
IV, we give a description of proposed fast channel algorithms.
In section V, simulation results are presented to demonstrate
the performance of proposed techniques. Finally, section V
concludes this paper.

II.  LTE DOWNLINK SYSTEM MODEL

The system model is given in Fig.l1. The standard LTE
Downlink system is a MIMO-OFDMA based system. We
consider a MIMO-OFDM system with My transmit and Mp

receive antennas.
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Fig. 1.

LTE Downlink are OFDMA-MIMO based systems. Data
streams are sent over a multi-path channel which can be
modeled as a Finite Impulse Response (FIR) filter with L taps
for each channel path:

L-1

h(t,7) = ;hl(t) 8(t — 1) (1)

We note h; and t; respectively the impulse response and the
multipath delays of the channel. At one receive antenna, the
received OFDM symbol can be written, after removing the
Cyclic Prefix (CP) and performing the DFT, as:
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Y = HX + ©)

X is the signal diagonal matrix, H is the channel frequency
response matrix and Y is the received signals vector. The
complex additive p is the additive complex-valued white
Gaussian noise vector with zero mean and variance aﬁ. The
transmitted signals and the noise are assumed to be
independents of each other.

III. CHANNEL ESTIMATION

LTE systems employ Reference Signals (RSs) as pilots for
channel estimation [3]. RSs are inserted in the first and the fifth
OFDM symbol of the slot for extended CP or in the first and the
fourth OFDM symbol for normal CP.

The received reference signals can be written as:
Yp = XpHp + 1p 3)

(.)p denotes positions where reference signals are

transmitted.
A. Least Square (LS)
The LS estimate at the pilot subcarriers given in (3) is [6]:

AE = (Xp) ™'Y, = argmin,{|V, - X, AF[} ()

_[en M] (5)
Xo X1 XNp-1
Np is number of pilot symbols in one OFDM block
B. Linear Mean Minimum Square Evrov (LMMSE)

LMMSE channel estimation aims to minimize the mean
square error between the actual and estimated value [4]:
-1

Hg® (6)

- B
HﬁMMSE = RHPHp (RHPHP SNR IP)

Ry,np represents the autocorrelation channel matrix of the
subcarriers with reference signals:

Rypnp(m,n) = E[H({, m)H(i, n)*] =
Np—1 -1

kzzo h(i, k)exp{ km} Z h(i,k)* exp{ ]217Vricn}

j2mk(m —n)
I

< 2k (m — n)
=Y ey {_Jﬂ#} )
k=0 P

We note Np number of pilot symbols;  a scaling factor
which depends on the signal constellation. SNR is the average
signal-to-noise ratio and Iy, is Np X Np identity matrix.

C. LMMSE-DFT

The inserted cyclic prefix with length of L.p is larger than
the channel length L in order to mitigate Inter Symbol
Interference (IES). Therefore, the energy is concentrated in the
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limited paths, while only noise energy exists in the other paths.
In order to reduce the noise effect, we remain only channel
impulse responses within the cyclic prefix and we set the others
to zeros:

s (k) = {hP (k) forO0<k<Lp—1
0 otherwise

The refined LMMSE with DFT estimation can be written
as:

-1
)

B
ffLMMSE-DFT __
Hp = Retprp (R”P”P SNR 1”)

where HBFT is the frequency domain representation of hk%y.

IV. PROPOSED FAST CHANNEL ESTIMATION ALGORITHMS

LMMSE and LMMSE-DFT require the inversion of channel
autocorrelation matrix. However, the inversion operation of a
large dimensional matrix costs a high computational
complexity.

By manipulating some mathematical operations to (6) and
(8), we obtain:

B FLMMSE LS
(R”P”P *SNR 1P> Hp™™™" = RupnpHp )
R ﬁ I HLMMSE DFT _ =R H
HpHp + s SNR HpHp"'P (10)
Now, in order to estimate H5MMSE or HEMMSE=DFT ' ye are

leading to solve two linear Toeplitz systems Tx = b and
Tx; = b, where:

L] T = RHPHP

Np—-1 . .
(tl ])” o, s a Toeplitz

SNR Inp =

matrix.
o x = QLMMSE

° X, = HIZJ,MMSE—DFT

o b = RHPHPH\ILJ‘S

° bl — RHPHPHDFT

b and b; are expressed as conventional Toeplitz matrix
multiplications which require both O(NPZ) operations. They
can be fast computed by FFT transform requiring then
O(NplogNp) operations [11].

T € CNP*NP gatisfies the Sylvester displacement [9]:

ET —TZ = GVH (11)
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where G,V € CNP*" are full rank matrices, called the
generators, E,Z € CNP*NP are the displacement matrices and
r is the displacement rank. In the Toeplitz case, r = 2.

c_[ 0 1
=li,~1 o

(12)
S 0 -1
h [INp -1 0] (13)
o1 0 0 !
= [to tinptts . bt tNP_l] (14)
%4
_ [th—1 -t by —ti-np to ] (15)

The Toeplitz matrix 7 can be transformed to a Cauchy-like
matrix [10]:

C=FHITF_, (16)
We pose:
o wy, (k)= eV and wy, (k) = Nyt
respectively the Np-roots of 1 and -1.
e Fand F_;are respectively the FFT and IFFT
operations.
1 [ WNP (l) ]
,/ 1,k=0,1,.,.Np—1
Fa= [ wi, ) |
N 1,k=0,1,.,.Np—1
We define:
K= (k[), kl’ ey kNP—l) and M = (mg, my, ... ,mNP_l)
Then (13) becomes:
KC—CM = GVH (17)
where
E = FMFf
Z = F—IKF—I
G = F]_G
‘7 = F_IV

We are leading now to solve CX = B where ¥ = F_;x and
B = F;b.

n [12], a fast solver for linear systems with displacement
structure by the application of the GSA has been proposed.

The GSA computes the factorization of C:

c=[] 1= [ Inp- “0 ol
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s;(0)=¢C- %luH is the first Schur complement of C.

We associate to the Cauchy-like system the augmented
matrix Ac :

Lo_[€C B
C'B_[_INP 0] (19)

(2Np)x(Np+1)

fJLMMSE .. {JLMMSE—DFT
Hp or Hp

Now, in order to estimate , We are
leading to compute Sy, (AC,B) by applying Np steps of the
GSA to Acp.

Matlab notation for component-wise division (./) and for
subindexing (:) are used in the algorithm.
For example, if a and e are vectors of size (n X 1) and
A= (ai,j) an (m X n) matrix, then:

a./e=(a;/ey,az/e;, .., an/ex)"

Ayg. = (ai,j), =1,..8andj=1,..,n

The proposed method computes G, V, K, M and B with the
cost of O(Nplog (Np)) operations and applies then the GSA in
O(NPZ) operations. In addition, the proposed algorithm
requires only the computation of the first row and the first
column of Ry,p,instead of the computation of all matrix
components for classical LMMSE algorithms.

Algorithm 1 Fast Channel Estimation Algorithm
1: Compute G, V,K,Mand B

2: VevH
3: forj=1toN,
4: l(—(GX ])/([mlj 1 ]Np] m])
5: U« (Gk X V,+1 Np) /(k 1+1 NP)
7: d<l
8- lj « —1
10: Gj. < 0
11: G- G-lxg
1
13: Bj.<0
14: BeB-lx f
1 ~

15: V}+1 Np < V}+1 :Np (E VU') xu

end for

16: Output: X « B

After computing the Cauchy system solution, we have to

recover the Toeplitz solution:

I:I\}l),MMSE — Ffllf (20)
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In the same way, to get the fast LMMSE-DFT channel
estimator, we apply the same algorithm while changing B by
Bl = Flbl'

V. SIMULATIONS RESULTS

We investigate the performance proposed fast channel
estimation techniques for LTE-20MHz system. Table 1 gives a
summary of used simulation parameters.

TABLE L SIMULATION PARAMETERS
LTE system 20 MHz
FFT size 2048
Number of used subcarriers 1200
CP length 512
Number of OFDM symbols 14
per Time Slot
Number of LTE frames 10
Number of pilots 200
Channel Type Rayleigh
MIMO 2X2
Modulation QPSK

The number of pilots is 200 in one OFDM block. In this
case, the channel matrix autocorrelation has a size of 200 X
200. The proposed algorithm computes the generator matrices
G and V; the displacement matrices ; K and M; and B with the
cost of 0(200log (200)) ~ 0(400) operations and applies
then the GSA in 0(2002) operations. In total, the proposed
algorithm requires 0(400) + 0(200?) operations.

These analytical results are also verified via computer-based
Monte-Carlo simulation results. Simulation results show that
fast LMMSE techniques has the same performances as well as
the classical LMMSE techniques in terms of BER and MSE as
shown in Fig.2 and Fig.3 which are both better than LS
estimator.
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Fig.2. BER versus SNR
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Fig.3. MSE versus SNR

VI. CONCLUSION

Fast LMMSE and LMMSE-DFT algorithms have been
proposed for LTE downlink systems based on a fast linear
Toeplitz system solver. Traditional LMMSE algorithms need
an inversion operation of the autocorrelation matrix which
require O(N3) operations and O(N?) memory locations (N is
the size of the autocorrelation matrix). For a large dimensional
matrix, the inversion operation assumes a high computational
complexity. Therefore, and based on the structure of the
autocorrelation matrix, we have proposed fast channel
estimation techniques based on a linear Toeplitz solver by the
application of the Generalized Schur Algorithm which requires
only O(N?) operations and O(N) memory locations.
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