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Abstract—LTE is defined as the 4G generation network providing 
high data rates. Channel estimation is important in the wireless 
system conception. Classical LMMSE channel estimation 
techniques require ࡻ൫ࡺ૜൯ floating operations and ࡻ൫ࡺ૛൯ memory 
locations (ࡺ is the size of the channel autocorrelation). In this 
paper, we propose fast channel estimation techniques for LTE 
based on fast solver for linear Toeplitz system with 
reconstructible Cauchy-like structure. Proposed fast algorithms 
require only ࡻ൫ࡺ૛൯ floating operations and ࡻሺࡺሻ memory 
locations. Performances of proposed fast algorithms are verified 
via Monte-Carlo MATLAB simulations.   

Keywords- LTE; GSA; channel matrix autocorrelation; 
LMMSE. 

I. INTRODUCTION 
Accurate channel estimation is essential for LTE MIMO-

OFDM systems [2][8]. Channel estimation is based on two 
techniques: the pilot insertion [5][6] and the blind channel 
estimation [1]. The blind estimation information is based on no 
pilot insertion but it is not preferred for fast varying fading 
channel cases. The pilot-aided is based on two methods which 
are the block-type and the comb-type [7]. The first consists to 
insert the pilots into all the subcarriers of one OFDM symbol 
with a certain period. This technique is defined to be suitable 
for slow fading channels. The second technique consists to 
insert the pilots at some specific subcarriers in each OFDM 
symbol. The comb-type is preferable for fast varying fading 
channels and based on two steps: the channel frequency 
response estimation on pilot positions; by different techniques 
such as the Least Square (LS) and the LMMSE; then on all 
subcarriers by interpolation [7]. 

Classical LMMSE channel estimation methods, based on 
channel autocorrelation matrix in frequency domain [4], 
require ܱሺܰଷሻ floating operations and ܱሺܰଶሻ memory 
locations. 

 In this paper, we propose fast channel estimation 
techniques based on a fast solver of linear system with the 
application of the Generalized Schur Algorithm (GSA) which 
requires ܱሺܰଶሻ floating operations and ܱሺܰሻ memory 
locations. 

The rest of this paper is organized as follows: In Section II, 
we introduce the LTE Downlink system model. Then we give 

a description of the LS, the LMMSE and the refined channel 
estimation technique LMMSE-DFT in Section III. In Section 
IV, we give a description of proposed fast channel algorithms. 
In section V, simulation results are presented to demonstrate 
the performance of proposed techniques. Finally, section V 
concludes this paper. 

 

II. LTE DOWNLINK SYSTEM MODEL 
The system model is given in Fig.1.  The standard LTE 
Downlink system is a MIMO-OFDMA based system. We 
consider a MIMO-OFDM system with ்ܯ transmit and ܯோ 
receive antennas. 
 

 
 

Fig. 1.    System Model 

 
 

LTE Downlink are OFDMA-MIMO based systems. Data 
streams are sent over a multi-path channel which can be 
modeled as a Finite Impulse Response (FIR) filter with L taps 
for each channel path: 

݄ሺݐ, ߬ሻ ൌ ෍ ݄௟ሺݐሻ௅ିଵ
௟ୀ଴ ݐሺߜ െ ߬௟ሻ (1) 

We note ݄௟ and ߬௟ respectively the impulse response and the 
multipath delays of the channel. At one receive antenna, the 
received OFDM symbol can be written, after removing the 
Cyclic Prefix (CP) and performing the DFT, as: 
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 ܻ ൌ ܺܪ ൅ μ (2)

     ܺ is the signal diagonal matrix, ܪ is the channel frequency 
response matrix and Y is the received signals vector. The 
complex additive µ is the additive complex-valued white 
Gaussian noise vector with zero mean and variance ߪఓଶ. The 
transmitted signals and the noise are assumed to be 
independents of each other. 

III. CHANNEL ESTIMATION 
LTE systems employ Reference Signals (RSs) as pilots for 

channel estimation [3]. RSs are inserted in the first and the fifth 
OFDM symbol of the slot for extended CP or in the first and the 
fourth OFDM symbol for normal CP.  

The received reference signals can be written as: 

 ௉ܻ ൌ ܺ௉ܪ௉ ൅ μ௉ (3)

   ሺ. ሻ௉  denotes positions where reference signals are 
transmitted.  

A. Least Square (LS) 

The LS estimate at the pilot subcarriers given in (3) is [6]: 

෡௉௅ௌܪ  ൌ ሺܺ௉ሻିଵ ௉ܻ ൌ ௃൛ห݊݅݉݃ݎܽ ௉ܻ െ ܺ௉ܪ෡௉௅ௌหൟ 

                     ൌ ൤௒బ௑బ  ௒భ௑భ … ௒ಿುషభ௑ಿುషభ൨ 

(4)
 
(5) 

௉ܰ is number of pilot symbols in one OFDM block 

B. Linear Mean Minimum Square Error (LMMSE) 

LMMSE channel estimation aims to minimize the mean 
square error between the actual and estimated value [4]: 

 
෡௉௅ெெௌாܪ  ൌ ܴுುுು ൬ܴுುுು ൅ ܴܰܵߚ ௉൰ିଵܫ  ෡௉௅ௌ (6)ܪ

 ܴுುுು represents the autocorrelation channel matrix of the 
subcarriers with reference signals: ܴுುுುሺ݉, ݊ሻ ൌ ,ሺ݅ܪሾܧ ݉ሻܪሺ݅, ݊ሻכሿ ൌ ܧ ቎ ෍ ݄ሺ݅, ݇ሻ݁݌ݔ ൜െ ௉ܰ݉݇ߨ2݆ ൠேುିଵ

௞ୀ଴ ෍ ݄ሺ݅, ݇ሻ݌ݔ݁כ ൜െ ௉ܰ݊݇ߨ2݆ ൠேುିଵ
௞ୀ଴ ቏ 

ൌ ෍ ܧ ቈ|݄ሺ݅, ݇ሻ|ଶ݁݌ݔ ቊെ ሺ݉݇ߨ2݆ െ ݊ሻ௉ܰ ቋ቉ேುିଵ
௞ୀ଴  

 ൌ ෍ ߬௟ଶ௅ିଵ
௞ୀ଴ ݌ݔ݁ ቊെ ሺ݉݇ߨ2݆ െ ݊ሻ௉ܰ ቋ (7) 

We note ௉ܰ number of pilot symbols; ߚ a scaling factor 
which depends on the signal constellation. SNR is the average 
signal-to-noise ratio and ܫேು is ௉ܰ ൈ ௉ܰ identity matrix.  

C. LMMSE-DFT 

The inserted cyclic prefix with length of ܮ஼௉ is larger than 
the channel length ܮ in order to mitigate Inter Symbol 
Interference (IES). Therefore, the energy is concentrated in the 

limited paths, while only noise energy exists in the other paths. 
In order to reduce the noise effect, we remain only channel 
impulse responses within the cyclic prefix and we set the others 
to zeros:   

 ݄஽ி்௅ௌ ሺ݇ሻ ൌ ൜݄௉௅ௌሺ݇ሻ 0 ݎ݋݂ ൑ ݇ ൑ ஼௉ܮ െ 10 ݁ݏ݅ݓݎ݄݁ݐ݋  

 
The refined LMMSE with DFT estimation can be written 

as: 
෡௉௅ெெௌாି஽ி்ܪ  ൌ ܴுುுು ൬ܴுುுು ൅ ܴܰܵߚ ௉൰ିଵܫ  ෡௉஽ி் (8)ܪ

where ܪ෡௉஽ி் is the frequency domain representation of ݄஽ி்௅ௌ . 

IV. PROPOSED FAST CHANNEL ESTIMATION ALGORITHMS 
 

LMMSE and LMMSE-DFT require the inversion of channel 
autocorrelation matrix. However, the inversion operation of a 
large dimensional matrix costs a high computational 
complexity. 

By manipulating some mathematical operations to (6) and 
(8),  we obtain: ൬ܴுುுು ൅ ܴܰܵߚ ௉൰ܫ ෡௉௅ெெௌாܪ ൌ ܴுುுುܪ෡௉௅ௌ (9) 

 ൬ܴுುுು ൅ ܴܰܵߚ ௉൰ܫ ෡௉௅ெெௌாି஽ி்ܪ ൌ ܴுುுುܪ෡௉஽ி் (10) 

 

Now, in order to estimate ܪ෡௉௅ெெௌா  or ܪ෡௉௅ெெௌாି஽ி், we are 
leading to solve two linear Toeplitz systems ܶݔ ൌ ܾ and 
ଵݔܶ  ൌ ܾଵ where: 

• ܶ ൌ ܴுುுು ൅ ఉௌேோ ேುܫ ൌ ൫ݐ௜ି௝൯௜,௝ୀ଴ேುିଵ
 is a Toeplitz 

matrix. 

ݔ • ൌ  ෡௉௅ெெௌாܪ

ଵݔ • ൌ ෡௉௅ெெௌாି஽ி்ܪ  

• ܾ ൌ ܴுುுುܪ෡௉௅ௌ 

•  ܾଵ ൌ ܴுುுುܪ෡௉஽ி் ܾ and ܾଵ are expressed as conventional Toeplitz matrix 
multiplications which require both ܱ൫ ௉ܰଶ൯ operations. They 
can be fast computed by FFT transform requiring then ܱሺ ௉݈ܰ݃݋ ௉ܰሻ operations [11]. ܶ א  ԧேುൈேು satisfies the Sylvester displacement [9]: 
 
ܶܧ  െ ܼܶ ൌ  ு (11)ܸܩ
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where ܩ, ܸ א ԧேುൈ௥ are full rank matrices, called the 
generators, ܧ, ܼ א ԧேುൈேು are the displacement matrices and ݎ is the displacement rank. In the Toeplitz case, ݎ ൌ 2. 
 
ܧ  ൌ ൤ 0 ேುܫ1 െ 1 0൨ (12) 
 
 ܼ ൌ ൤ 0 െ1ܫேು െ 1    0൨ (13) 
 
ܩ  ൌ ൤ 1 0 … ଴ݐ0 ଵݐଵିேು൅ݐ … ଵିݐ ൅ ேುିଵ൨்ݐ

 
     

    (14) 
 ܸ        ൌ ൤ݐேುିଵ െ ଵିݐ … ଵݐ െ ଵିேುݐ ଴ݐ଴ݐ ଵݐଵିேು൅ݐ … ଵିݐ ൅  ேುିଵ൨ݐ

 
(15)  

 
The Toeplitz matrix T can be transformed to a Cauchy-like 

matrix [10]:  
 
ܥ  ൌ ܨଵுܶିܨ ଵ (16) 
We pose: 

ேುାݓ • ሺ݇ሻ ൌ ݁ ೔ഏಿುሺଶ௞ሻ and ݓேುିሺ݇ሻ ൌ ݁ ೔ഏಿುሺଶ௞ାଵሻ
 

respectively the ௉ܰ-roots of 1 and -1. 
 

ܨି ଵandܨ • ଵare respectively the FFT and IFFT 
operations. 

ଵܨ  ൌ 1ඥ ௉ܰ ൤ቀݓேುା ሺ݈ሻቁ௞൨௟,௞ୀ଴,ଵ,…,ேುିଵ ିܨ ଵ ൌ 1ඥ ௉ܰ ൤ቀݓேುିሺ݈ሻቁ௞൨௟,௞ୀ଴,ଵ,…,ேುିଵ 

We define: 
 
ܭ  ൌ ൫݇଴, ݇ଵ, … , ݇ேುିଵ൯ and ܯ ൌ ൫݉଴, ݉ଵ, … , ݉ேುିଵ൯ 
 

Then (13) becomes: 
 
ܥܭ  െ ܯܥ ൌ ෨ܩ ෨ܸ ு 

 
(17) 

where  ܧ ൌ ܼ  ଵுܨܯଵܨ ൌ ܨି ଵܨିܭ ଵு ܩ෨ ൌ ෨ܸ ܩଵܨ ൌ ܨି ଵܸ 
 

We are leading now to solve ݔܥ෤ ൌ ෤ݔ where ܤ ൌ ܨି ଵݔ and ܤ ൌ  .ଵbܨ
In [12], a fast solver for linear systems with displacement 

structure by the application of the GSA has been proposed.  
The GSA computes the factorization of ܥ: 
 

ܥ  ൌ ቂ݀ ு݈ݑ ሚܥ ቃ ൌ ൥ 1 01݀ ݈ ேುିଵ൩ܫ ൤݀ ு0ݑ ଵܵሺܥሻ൨  
   (18) 

ଵܵሺܥሻ ൌ ሚܥ െ ଵௗ  .ܥ ு is the first Schur complement ofݑ݈
We associate to the Cauchy-like system the augmented 

matrix ܣ஼,஻: 
 
஼,஻ܣ  ൌ ൤ ܥ ேುܫെܤ ܱ൨ሺଶேುሻൈሺேುାଵሻ (19) 
 

Now, in order to estimate ܪ෡௉௅ெெௌாor ܪ෡௉௅ெெௌாି஽ி், we are 
leading to compute ܵேು൫ܣ஼,஻൯ by applying ௉ܰ steps of the 
GSA to ܣ஼,஻.  

 
Matlab notation for component-wise division (./) and for 

subindexing (:) are used in the algorithm. 
For example, if ܽ and ݁ are vectors of size ሺ݊ ൈ 1ሻ and ܣ ൌ ൫ܽ௜,௝൯ an ሺ݉ ൈ ݊ሻ matrix, then: 
 ܽ. ݁ ൌ ሺܽଵ ݁ଵ⁄ , ܽଶ ݁ଶ⁄ , … , ܽ௡ ݁௡⁄ ሻ்⁄  
:,଼:ଶܣ  ൌ ൫ܽ௜,௝൯,    ݅ ൌ 1, … ,8 ܽ݊݀ ݆ ൌ 1, … , ݊ 
 

The proposed method computes ܩ෨, ෨ܸ  with the ܤ and ܯ ,ܭ ,
cost of ࡻ൫ ௉ܰlog ሺ ௉ܰሻ൯ operations and applies then the GSA in ࡻ൫ ௉ܰଶ൯ operations. In addition, the proposed algorithm 
requires only the computation of the first row and the first 
column of ܴுುுುinstead of the computation of all matrix 
components for classical LMMSE algorithms. 
 
Algorithm 1 Fast Channel Estimation Algorithm 

1:   Compute ܩ෨, ෨ܸ , ,ܭ  ܤ and ܯ
2:   ෨ܸ ՚ ෨ܸ ு 
݆ ࢘࢕ࢌ   :3 ൌ  ௉ܰ ݋ݐ 1
4:             ݈ ՚ ൫ܩ෨ ൈ  ෨ܸ:,௝൯. ൫ൣ݉ଵ:௝ିଵ; ௝݇:ேು൧ െ ௝݉൯ൗ  
ݑ             :5 ՚ ൫ܩ෨௞,: ൈ  ෨ܸ:,௝ାଵ:ேು൯. ൫ ௝݇ െ ௝݉ାଵ:ேು் ൯ൗ  
7:             ݀ ՚ ௝݈ 
8:             ௝݈ ՚  െ1 
9:             ݃ ՚  ଵௗ  :,෨௝ܩ
:,෨௝ܩ           :10 ՚  0 
෨ܩ           :11 ՚ ෨ܩ  െ ݈ ൈ ݃ 
12:           ݂ ՚ ଵௗ  :,௝ܤ
:,௝ܤ           :13 ՚ 0 
ܤ           :14 ՚ ܤ െ ݈ ൈ ݂ 
15:           ෨ܸ:,௝ାଵ:ேು ՚  ෨ܸ:,௝ାଵ:ேು െ ቀଵௗ  ෨ܸ:,௝ቁ ൈ ࢊ࢔ࢋ ݑ  ࢘࢕ࢌ
:ݐݑ݌ݐݑܱ        :16 ෤ݔ ՚  ܤ
 

After computing the Cauchy system solution, we have to 
recover the Toeplitz solution: 

 
෡௉௅ெெௌாܪ  ൌ ܨି ଵு  ෤ (20)ݔ
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In the same way, to get the fast LMMSE-DFT channel 
estimator, we apply the same algorithm while changing ܤ by ܤଵ ൌ  .ଵܾଵܨ

V. SIMULATIONS RESULTS 
 

We investigate the performance proposed fast channel 
estimation techniques for LTE-20MHz system. Table 1 gives a 
summary of used simulation parameters. 

TABLE I.  SIMULATION PARAMETERS 

 
LTE system 20 MHz 
FFT size 2048 
Number of used subcarriers 1200 
CP length 512 
Number of OFDM symbols 
per Time Slot 

14 

Number of LTE frames 10 
Number of pilots 200 
Channel Type Rayleigh 
MIMO 2 ൈ 2 
Modulation QPSK 

 
      The number of pilots is 200 in one OFDM block. In this 
case, the channel matrix autocorrelation has a size of 200 ൈ200. The proposed algorithm computes the generator matrices ܩ෨ and ෨ܸ ; the displacement matrices ; ܭ and ܯ; and ܤ with the 
cost of ࡻ൫200log ሺ200ሻ൯ ൎ  ሺ400ሻ  operations and appliesࡻ
then the GSA in ࡻሺ200ଶሻ operations. In total, the proposed 
algorithm requires ࡻሺ400ሻ ൅   .ሺ200ଶሻ operationsࡻ

These analytical results are also verified via computer-based 
Monte-Carlo simulation results. Simulation results show that 
fast LMMSE techniques has the same performances as well as 
the classical LMMSE techniques in terms of BER and MSE as 
shown in Fig.2 and Fig.3 which are both better than LS 
estimator. 

 
Fig. 2.    BER versus SNR  

 
Fig.3.    MSE versus SNR  

 

VI. CONCLUSION 
 

Fast LMMSE and LMMSE-DFT algorithms have been 
proposed for LTE downlink systems based on a fast linear 
Toeplitz system solver. Traditional LMMSE algorithms need 
an inversion operation of the autocorrelation matrix which 
require ܱሺܰଷሻ operations and ܱሺܰଶሻ memory locations (N is 
the size of the autocorrelation matrix). For a large dimensional 
matrix, the inversion operation assumes a high computational 
complexity. Therefore, and based on the structure of the 
autocorrelation matrix, we have proposed fast channel 
estimation techniques based on a linear Toeplitz solver by the 
application of the Generalized Schur Algorithm which requires 
only ܱሺܰଶሻ operations and ܱሺܰሻ memory locations. 
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